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ARTICLE INFO ABSTRACT

Keywords: Rotational head motions have been shown to play a key role in traumatic brain injury. There
Traumatic brain injury is great interest in developing methods to rapidly predict brain tissue strains and strain rates
Physics-based method resulting from rotational head motions to estimate brain injury risk and to guide the design of

Head kinematics

Brain strai protective equipment. Idealized continuum mechanics based head models provide an attractive
rain strain

approach for rapidly estimating brain strains and strain rates. These models are capable of
capturing the wave dynamics and transient response of the brain while being significantly easier
and faster to apply compared to more sophisticated and detailed finite element head models. In
this work, we present a new idealized continuum mechanics based head model that accounts for
the head’s finite rotations, which is an improvement upon prior models that have been based
on a small rotation assumption. Despite the simplicity of the model, we show that the proposed
2D elastic finite rotations head model predicts comparable strains to a more detailed finite
element head model, demonstrating the potential usefulness of the model in rapidly estimating
brain injury risk. This newly proposed model can serve as a basis for introducing finite rotations
into more sophisticated head models in the future.

1. Introduction

Mild traumatic brain injury (mTBI), also referred to as concussion, is a common injury for both civilians and warfighters. Despite
efforts to prevent, diagnose, and treat TBI more effectively, it has remained a persistent problem (Maas et al., 2022). A considerable
number of people in the civilian and military populations continue to experience mTBI, despite the availability of several mTBI
mitigation interventions and protocols (Maas et al., 2022; Howard et al., 2022; Phipps et al., 2020). Therefore, there is an urgent
need for accurate and usable tools or methodologies that can assess injury risk of a mechanically traumatic event, such as in falls,
accidental or intentional blunt trauma to the head, or vehicular accidents. These tools and methodologies are necessary for the
effective design of devices, materials, and protocols that can mitigate the incidence of mTBI.

Several approaches have been put forward for assessing the risk of traumatic brain injury, including (i) empirical injury
criteria, (i) computational mechanics (CM) based injury criteria, and (iii) machine learning (ML) based injury criteria. Examples of
empirically derived injury criteria include the Head Injury Criterion (HIC), which estimates injury risk based on the measured linear
acceleration of the head, and the Brain Injury Criterion (BrIC), which estimates injury risk based on the measured angular velocity
of the head (Versace, 1971; Takhounts et al., 2013; Greenwald et al., 2008). Empirical injury criteria are popular given their ease of
use. They are easy to understand and apply since the calculations involve simple data processing and evaluation of simple algebraic
mathematical expressions. They also have low to no computational expense and do not require detailed personalized information
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(e.g., head magnetic resonance images (MRI)). A major drawback of empirically based injury criteria is that they are overly simple,
i.e., they do not include important physical quantities that are known to affect the brain tissue strains and strain rates. Both brain
strains and strain rates have been shown to play an important role in deformation-induced neural injury, which is a common injury
mechanism in mTBI (Hajiaghamemar and Margulies, 2021; Bar-Kochba et al., 2016). As a result, the effectiveness of these empirical
injury criteria in predicting the risk of mTBI remains an open question.

In contrast to empirical injury criteria, computational mechanics (CM) based injury criteria attempt to account for all relevant
physics that lead to injury in a mTBI event. Computational mechanics based models of mTBI are implicitly based on the hypothesis
that the risk of injury of a traumatic event is correlated with some measure of brain tissue strains and strain rates. The application of
CM based injury criteria involves the numerical simulation of head motion of a traumatic event of interest followed by a comparison
of the predicted strain (¢) and strain rate (¢) from the model with critical values for injury. Some measures of strain that are widely
used in CM based injury criteria are the peak maximum principal strain (MPS), maximum axonal strain (MAS) or tract-oriented strain,
and the cumulative strain damage measure (CSDM) (Takhounts et al., 2003; Carlsen et al., 2021; Zhan et al., 2020; Giordano et al.,
2017; Garimella et al., 2019; Zhou et al., 2021). Determining the measures of strain and strain rate that are most pertinent for
mTBI and determining their critical values, i.e., the values at which the risk of injury becomes significant, is an active area of
research (Bar-Kochba et al., 2016; Estrada et al., 2021; Hajiaghamemar and Margulies, 2021). A range of values have been proposed
for various critical strain measures, with the majority of estimates (maximum principal Green-Lagrange strain Bain and Meaney,
2000, MAS Hajiaghamemar et al., 2020, and CSDM Takhounts et al., 2003) falling between 10% and 25%. There have been relatively
fewer proposals for the critical values of strain rate measures. A recent study proposed a critical maximum axonal strain rate (MASR)
value of 40-90 s~! for traumatic axonal injury (Hajiaghamemar and Margulies, 2021). With time, both the measure used to predict
injury as well as the accuracy of the critical values for that measure are expected to improve.

The effectiveness of CM based injury criteria will depend on how easily the strains and strain rates in the computational head
model can be calculated and how close those calculated values are to their respective values during the real traumatic event. The
accuracy of the strain and strain rate estimates are dependent on several factors, such as the level of incorporated anatomical detail
in the model, the numerical methods used, and the quality of the computational mesh. A large number of computational head
models have been developed, and they range from high resolution models that take into account the anisotropy of white matter and
the detailed geometry of the brain to more simplified models that incorporate fewer anatomical details and have a lower spatial
resolution (Giudice et al., 2019; Madhukar and Ostoja-Starzewski, 2019; Dixit and Liu, 2017). The computational time involved
in simulating a head impact event is directly related to the mesh resolution. The person-hours involved in preparing the mesh is
also directly dependent on the quality and accuracy of the mesh. For these reasons, getting accurate calculations of strains and
strain rates in CM based head models is currently very computationally expensive, and from a person-hours point of view, very time
consuming, complex, and tedious. In the future, the time to create these models is expected to decrease with the development of
robust algorithms for automatically segmenting and meshing the brain directly from medical imaging data (Li, 2021; Giudice et al.,
2020). Even with these improvements, the computational expense of simulating traumatic events with high resolution, subject-
specific models can still be prohibitive for some applications, given that these simulations can take hours or days to run even with
the use of high performance computers.

The need to rapidly predict brain strains and strain rates to obtain real time estimates of mTBI risk has been a factor in the
development of machine learning (ML) based methods as an alternative to CM based head models. In this approach, ML algorithms
are trained using CM based models, and once trained, the ML algorithms are applied to rapidly predict the risk of injury for a given
head impact event. Machine learning based methods have shown promise in predicting brain strain directly from head kinematic
data (Upadhyay et al., 2022; Zhan et al., 2021; Wu et al., 2022). However, ML derived injury measures still have some limitations.
For example, there is a large cost upfront to develop ML based injury criteria. Furthermore, subject-specific CM based models now
take personal details, such as head size and shape, into account whereas ML based injury criteria usually do not. Machine learning
based injury criteria can, of course, always be updated so that the details of an individual are taken into account. This can be done,
for example, by generating new data from CM based head models that have been updated by taking the individual’s details into
account and then training the ML based head model on that data. However, if such an approach is followed, then the development
of ML based injury criteria will end up being even more expensive than the development of CM based injury criteria.

An alternative to empirically based, CM based, and ML based injury criteria are idealized continuum mechanics (ICM) based
injury criteria. Idealized continuum mechanics based injury criteria are similar to CM based injury criteria in every way except that
in them the head models used to estimate brain strains and strain rates are far more idealized than those used in CM criteria. We will
call the head model in an ICM based injury criteria an ICM based head model. In most ICM based head models, the brain is simplified
as a homogeneous, isotropic, incompressible, linear elastic or viscoelastic solid and the skull as a rigid solid; the geometry of the
brain is modeled as a sphere or cylinder and the corresponding skull is modeled as a spherical shell or a hollow cylinder (Ljung,
1975; Margulies and Thibault, 1989; Massouros et al., 2014; Massouros and Genin, 2008; Massouros, 2005; Bayly et al., 2008; Lee
and Advani, 1970; Firoozbakhsh and DeSilva, 1975; Bycroft, 1973; Liu and Chandran, 1974; Liu et al., 1973; Misra and Chakravarty,
1984; Liu et al., 1975; Christensen and Gottenberg, 1964; Chandran et al., 1975; Cotter et al., 2002). Due to that simplicity, there
is no need for a computational mesh, and there is a large reduction in computational expense.

2D ICM models. There exist several ICM based head models in which the head is modeled as a cylinder (Ljung, 1975; Margulies
and Thibault, 1989; Massouros et al., 2014; Massouros and Genin, 2008; Massouros, 2005; Bayly et al., 2008). In all the 2D models
we surveyed the head was subjected to a rotational motion with no translations being involved. The rotations take place about
a fixed central axis, which is an axis that is fixed in space w.r.t. time and is initially the cylinder’s central axis. In the context
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of ICM models, “2D” means that the displacements in the direction of the central axis are assumed to vanish, and that the other
displacement components are assumed to not vary in the direction of the central axis.

In the work of Margulies and Thibault (1989) the brain is modeled as an incompressible, homogeneous Kelvin-Voigt viscoelastic
material, and the skull is subjected to a sudden time varying rotation. The rotation can be fairly arbitrary as long as the corresponding
angular acceleration can be represented using a Fourier series. In the work of Massouros et al. (2014), Massouros and Genin (2008)
and Massouros (2005) the brain is modeled as a Maxwell viscoelastic material, and the skull’s rotation angle is a sinusoidal function
of time. In the work of Bayly et al. (2008) the brain is modeled as a three-parameter linear viscoelastic material. Initially the brain
and the skull rotate with the same constant angular velocity, and the brain is curtailed from experiencing any deformation. The head
is then loaded by subjecting the skull to an angular deceleration pulse, which has the shape of a half-sine pulse, and the brain is
allowed to experience deformation. Bayly et al. solve their model analytically as well as numerically using finite element methods.
They additionally validate their model by comparing its predicted strain fields with the strain fields they measure in a gelatin based
experiment that was set up to closely resemble their ICM based head model.

3D ICM models. There also exist several ICM based head models in which the brain is modeled as a sphere (Christensen and
Gottenberg, 1964; Chandran et al., 1975; Ljung, 1975; Lee and Advani, 1970; Liu et al., 1973; Bycroft, 1973; Liu and Chandran,
1974; Liu et al., 1975; Firoozbakhsh and DeSilva, 1975; Misra and Chakravarty, 1984; Cotter et al., 2002). Leaving Christensen and
Gottenberg (1964) and Chandran et al. (1975), in all other models, the head is not subjected to any translatory motion; it is only
subjected to a rotational motion about a fixed central axis, i.e., an axis that is fixed in space with time and that initially passes
through the sphere’s center.

In the work of Christensen and Gottenberg (1964), the brain is modeled as a general linear viscoelastic material, and the skull
is first subjected to a rotational motion about a fixed central axis and then later to a translatory motion. In the work of Chandran
et al. (1975), the brain is modeled as a linear elastic material, and the skull is subjected to purely translatory motion.

In the work of Lee and Advani (1970), the brain is first modeled as a linear elastic material and then later as an arbitrary linear
viscoelastic solid; the skull is subjected to a time varying rotation. The function that maps time to the rotation angle is such that
its second derivative is a step function. Firoozbakhsh and DeSilva (1975) and Bycroft (1973) model the brain as a general linear
viscoelastic solid. In the work of Firoozbakhsh and DeSilva, the function that maps time to the rotation angle can be fairly arbitrary,
whereas in the work of Bycroft the function is a half sine pulse. Liu et al. (1975) model the brain first as a linear elastic material
and then as a linear Kelvin viscoelastic material; the skull is subjected to fairly arbitrary rotations. Liu et al. solved their ICM model
using finite-difference methods. For the case of the brain being linear elastic, Liu et al.’s results (Liu et al., 1975) match those of Liu
et al. (1973). The work of Liu et al. (1973) is cited often in the context of 3D ICM models. However, we were not able to access
this publication. From the comments regarding it in Liu et al. (1975), Liu and Chandran (1974) and Misra and Chakravarty (1984),
we know that in this work the brain is modeled as a linear elastic solid and the skull is subjected to fairly arbitrary rotations.

The published ICM models that we surveyed are capable of capturing the wave dynamics in the brain due to sudden head motion,
and provide a good first order approximation for the peak strains and strain rates in the brain. Despite the valuable preliminary
physical insight that they provide, all the surveyed ICM models have a key limitation. Their derivation is based on the implicit
assumption that the head rotations are small. This fact can be gleaned by noting that in the surveyed ICM models, the authors do
not make a distinction between the reference and the deformed configurations. The head rotations in most mechanically traumatic
events, however, are far from being small. In most mechanically traumatic events, such as vehicle crashes, sports injuries, maneuvers,
martial arts, etc., the head rotations quite routinely exceed 45°, and in some cases even exceed 90° (Viano et al., 2007; Hernandez
and Camarillo, 2019; Li et al., 2018; Yan et al., 2018).

In this paper, we present a new 2D ICM based head model that accounts for the head’s finite rotations (see Section 3). Like all the
surveyed ICM head models, the strains in it are still small; and like all the surveyed 2D ICM head models the loading in it is purely
rotational, with no translations. In it the loading on the brain is specified by prescribing the head’s (skull’s) angular velocity as a
function of time.! We refer to this new ICM based head model as the finite rotations head model. On accounting for the head’s finite
rotations and distinguishing between the reference and deformed configurations, the equations (see (5.12)) governing the motion
of the brain in it come out to be quite different from those arrived at in the surveyed ICM models (see (5.13)); as we mentioned
previously, the surveyed ICM models do not account for the head’s finite rotations. Using our model, we found that the estimates for
various stress and strain measures, such as maximum principal logarithmic strain, can contain quite significant errors if the head’s
finite rotations are not taken into account (see Section 5.2.2). This, however, is not to say that our ICM model is better than the
surveyed ICM models. In fact, our model is simpler than some of the surveyed ICM models in some aspects. For example, it is 2D in
nature, and takes the brain to be a perfectly elastic solid. Thus, our model’s key contribution in the context of surveyed ICM models
is in that it highlights the important role played by the finiteness of the head’s rotations in dictating the internal brain strains and
strain rates. We believe that the presented finite rotations head model will prove useful for introducing finite rotations into more
sophisticated head models, such as those that take the head’s 3D nature and the brain’s viscoelastic behavior into account.

1 In this new model we assume the skull to be an infinitely rigid body (see assumption (A.i)(e) in Section 3.1). Consequently, in this model the loading effect
of all the forces and torques acting on the head is completely communicated to the brain through the skull’s rigid body motion. In this work we only focus on
purely rotational motion in 2D (see assumption (A.ii) in Section 3.1). Thus, the loading on the brain in this model is completely specified by specifying how the
head rotates as a function of time; or more specifically, by specifying the function £[-], which gives the head’s rotation angle as a function of time (see section
Deformation mapping of Section 2.3 for details). However, as we will see in Section 3.2.2, only the derivatives of ©[-] appear in the equations governing the
motion of the brain (e.g., see (3.14)). Hence, in our model the loading is completely specified by specifying the head’s angular velocity as a function of time.
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This paper is organized as follows. In Section 2, we present the mathematical and mechanics preliminaries needed for the
development of our finite rotations head model. In Section 3, we present the equations that govern the mechanics of the finite
rotations head model. In Section 4, we provide a semi-analytical solution for the governing equations and derive expressions for
the strains and strain rates in the finite rotations head model. In Section 5.1, we compare the strains from the finite rotations head
model with those from a recently presented finite element head model (Carlsen et al., 2021). In Section 5.2, we compare the finite
rotations head model with the surveyed ICM head models. We make a few concluding remarks in Section 6.

2. Mechanics and mathematical preliminaries

In this section we briefly present the mechanical and mathematical preliminaries from (Wan et al., 2022; Rahaman et al., 2020,
§2.1) that are needed for the development of the proposed head model.

2.1. Notation

We denote the space of real numbers as R, the set of natural numbers as N, the set of non-negative real numbers as R, the set
of positive real numbers as R, and the set of non-negative integers as Z.
An n-dimensional multi-index is an n-tuple, n € N, defined as

a:(a,,az,...,an), 2.1)
where ; € Zy, i € (1,2, ..., n). The partial derivative of a function (xl,xz, ,x") - f [xl,xz, ,x,,] w.r.t. « is defined as
ap o ay,
d“f=01'622 = 0," f, (2.2)

XL @
where 9. 1= 0% /dx,".
2.2. Geometry of the abstract and physical spaces in our model

Let Ei be an oriented Euclidean vector space, i.e., an oriented finite dimensional, real, inner product space, and let the affine
point space € have Ey as its associated vector translation space. We refer to E; and € as the reference Euclidean vector and point
space, respectively. Let E and € be another pair of Euclidean vector and affine point space, respectively. The topological space %
serves as our model for the brain that executes its motion in €. For that reason, we refer to E and € as the physical Euclidean vector
space and point space, respectively.

We call a select continuous, injective map from % into Ey the reference configuration and denoted it as k. The elements of %
are called material particles. We call X = ky [X] the particle X’s reference position vector and «y [%] the reference body (see Fig. 1).
Taking some arbitrary point Oy € € to be 6y’s origin, to xkz we associate the map «p : B — € such that Oy + kg [X] = kg [X].
We call X = ky [X] the particle X’s reference point.

Cartesian basis vectors. The sets (E,~)I.e 5 and (e,-),.e g5 where ¥ := (1,2,3), are orthonormal sets of basis vectors for E; and E,
respectively. By orthonormal we mean that the inner product between E; and E;, or e; and e;, where i,j € .J, equals §;;, the
Kronecker delta symbol, which equals unity iff i = j and zero otherwise. In our problem, we take E; and e;, i € .J, to have the
units of meters. The Cartesian co-ordinates of X which we denote as X [X] = (Xi [X ])ieJ’ are components of X w.r.t. E;, that is
X; [X] = X,, where X; := X - E,. For simplicity, X = (X, X,, X3). We denote the space of all m X n real nested ordered sets, where
m,n € N, M, (R). Thus X[X] € M, (R). We call the map €z 3 X — X[X] € My, (R) the Cartesian co-ordinate map. When we
refer to X € Eg, X € JMl3,(R), or X € €y as a material particle we in fact mean the material particle X € %.

Cylindrical basis vectors. The cylindrical co-ordinates of X, which we denote as (7[X],[X],z[X]), are defined in the standard
manner using the Cartesian co-ordinates X,

FIX]= /X7 + X3, (2.32)

6[X] = atan2 [X,, X,], (2.3b)

Z[X] = Xs. (2.30)
Then the cylindrical basis vectors (%, [X]) ; for Ey are defined as

i€.

(@i1x1) _, =RIXI (), - (2.42)

where
X, X, 0
RIX]= —— | =X, X, 0 . (2.4b)
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X

€1

Kr (€]

Fig. 1. An illustration of the various mechanics and mathematical objects that we use in the construction of our finite rotations head model. All the mathematical
symbols in this illustration are defined in Sections 2.2, 2.3, and 5.1.2.

Say W and U are two arbitrary, oriented, Euclidean vector spaces; for instance, they can be E; and E. We denote the space of
all linear maps (transformations/operators) from W to U as £(W, U). We denote the norm of a vector w; in W that is induced by
W’s inner product, i.e., (w; -y w,)'/?, as ||w, ||y- For u, € U, the expression u; ® w, denotes the linear map from W to U defined as

(w1 @w)) wy =u; (w, ww,), (2.5)

where w, € W. If the sets (u;)._, and (w,-)l. .y provide bases for U and W, respectively, then it can be shown that ((u,- w; )jE j)

i€y ey’
which we will henceforth abbreviate as (“i Qw f)ije g5 provides a basis for (W, U). The symbol T; s where i,j € .9, is called the
component of T € L(W,U) w.r.t. ; @ w; iff T;; = u; -y (Tw;). We call the nested ordered set (T; /’)ijey the non-dimensional form
of T w.r.t. (u,- RQw j)'_je 55 and denote it briefly as T. We sometimes access the ith, jth component of T, where i, j € .9, as (T);; or
T..;- That is, (T);; = T, ;- We denote the norm of the operator T as ||T||ygw, which is defined as
ITw, Iy
ITlygw = sup ———. (2.6)
weWw 20 |lwllyy
To make some of the ensuing expressions appear less cumbersome, we will omit the subscripts of the - symbol and the || - || operator.
Whether we mean || - |lyy or || - [[ygw will be clear from the argument of || - ||.

2.3. Kinematics

Select a continuous injective map «y : % — 6y such that « [%] is a finite right cylinder of radius of r, meters, where r, € R,
with its central axis # passing through Oy and parallel to E; direction (see Fig. 1).

We model time as a one-dimensional normed vector space T and denote a typical element in it as r = rs, where 7 € R and s is
a fixed vector which has units of seconds. We model the body’s motion using the one-parameter family of maps x,%: Ex — E (see
Fig. 1). We call x, the deformation map and x = x, [X] the material particle X’s position vector at the time instance z. The set
K, [B]l = {x, [X]1€E ‘ X € kg [%]} is called the current body.

2 In Wan et al. (2022, §2.1) and Rahaman et al. (2020, §2.1) x, (the subscript is set in bold font) appears as x, (the subscript is set in regular font).
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Deformation mapping. It can be shown that for our problem for r > 0,
X, = QTOTT’ (2.7)

where the map T, : Eg — E is defined by the equation T, [X] = I (X +U_[X]). Here I := Y,
U, : Ey — Ey the intermediate displacement field of % at the time instance z. The set k* [%B] = {T, [X]eE ‘ X e kg [93]} is called
the intermediate body.

The operator Q, is a proper (orientation preserving), linear isometry from E into E. The operator Q, can be written as
Yijes Qijlrle; ® e, where Q;; € C? (Ry0.R). We abbreviate (Q;; [T])f,jey € M4, 5(R) as Q[r]. We call Q[z] the non-dimensional
form of Q, w.r.t. (e,- Re f)i,je 5 Since Q, is a proper isometry, it follows that Q [z], which we refer to as the rotation matrix, belongs

e; ® E; and we call the map

to the special orthogonal group SO(3). As a consequence of belonging to SO(3) the matrix Q [r] satisfies the equations

Q"7 Q7] =1, (2.8a)
and

Q1 Q" [r] =1 (2.8b)

where QT [r] is the transpose of Q[z], i.e., QT [z] = (Q[z])" and I = (5,j)ij€5 € My 5(R).
In our problem, the head rotates about e; by the angle Q[z]. It can be shown that

coso Q[r] —sino Q[z] 0
Qlr] =] sino Q][r] coso 2[z] 0 |. (2.9)
0 0 1

We assume the function Q : [0,0) — R to be at least once continuously differentiable, and for concreteness that

Q[0] =0, Q'[0] = 0. (2.10a)
Displacements. From (2.7), the deformation mapping of the body for = > 0 is described by

x [X]1=0, (X +U,[X]), (2.11)

where Q, : Eg — E is defined by the equation Q, = QI = Yijes Qij[rle; ® E;. In a non-dimensional form (2.11) reads as

x: [X]= Q7] (X + U, [X]), (2.12)
where x, [X] 1= (x;; [X]),cq> Uy [X] := (U [X])
x,; [X]=x, [2 XjEj] -e;, (2.13)
jeF
U,[XI=U, LZ XjEj] - E,. 2.14)
e

The displacement field is the map u,[-] : Eg — E,
u, [X]=x,[X]-IX. (2.15a)
In a non-dimensional form (2.15a) reads
u, [X] = x, [X] = X, (2.15b)

where u_ [X] := (4, [X])iej and

u, [X] 1= u, Lz X,E;
jeF

Velocities. We call £ (T, E) the physical velocity vector space and denote it as V. It can be shown that the set (v,-)l. <> Wherev; € V
and are defined such that v;7 = re;, that is v; := e¢; ® s*, where s* is the dual of s, provides an orthonormal basis for V. The velocity
of a material particle X executing its motion in E lies in V. The velocity of the material particle X at the instant =, which we denote
as ¥V, [X], equals the value of the Fréchet derivative of the map T 5 7  xy [z] € E, where xx [7] = x, [X], at the time instance 7.
Thus, it follows from (2.11) that for z > 0

V.XI= Y (0} 171X, + 0} 11U, [c]+ 0, [r1 U}, [T]>v,. (2.16)

ijey

‘e, (2.15¢)

The functions Uy; : Ryg — Rin (2.16) are defined as Uy, [r] = Uy [t]-E}, where Uy [r] = U, [X], and Q,fj and U)/(j are derivatives of

Q,; and Uy, respectively. Defining V,, [X] =V, [Zje.} XjEj] -v;, and abbreviating (V; [X])ie] € My (R), (Qlfj [T])ijGJ € Ms5(R),

6
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(Ux; [T])iej € M3y (R), and (U}, [T])iGJ € M3y (R) as V. [X], Q [r], Uy [7], and U} [r], respectively, (2.16) in a non-dimensional
form reads

V. [XI= Q' [7] X+ Q' [7]Ux [z] + Q] U} [7]. (2.17)

Accelerations. We call & (T, V) the physical acceleration vector space and denote it as A. It can be shown that the set (a,»)l.E 7
where a; € A and are defined such that a;7 = 7v, i.e,, a; = v; ® s*, provides an orthonormal basis for A. The acceleration of a
material particle X executing its motion in E lies in A. The acceleration of X at the time instance = equals the value of the Fréchet
derivative of the map T > 7 —» Vx [r] € V, where V x [z] = V_[X], at the time instance 7. Thus, it follows from (2.16) that for
>0

A X1= ) (Q{-; [7]X; + Q] [1] Uy, [7] + 20}, [7]1U%; [7] + Q;; [1] UY, [r]) a;. (2.18)
i,jey
where Qf; and U )’(’j are derivatives of Q;j and U;(j, respectively. Defining A, [X] = A, [Z es
(A [X]),0y € iz (R), (Q;.; [r])_ _, € diza®), and (UY,[7]),, € Ma(B) as A [X], Q"[r], and U} [r], respectively, (2.18)
1Y)

can be written in a non-dimensional form as

X,E j] - a;, and abbreviating

A, [X] = Q" [r] X+ Q" [7] Ux [7] + 2Q' [z] Uy [7] + Q[z] Uy [7] . (2.19)
3. Analytical model for head motion and brain deformation
3.1. Problem statement

(A.i) We model the brain as a (a) homogeneous, (b) isotropic, (c¢) incompressible, (d) elastic solid, and (e) the skull as a rigid
solid. (A.ii) We will be carrying out a 2D analysis, by which we mean that the components of the displacements in the direction
of the rotation axis vanish, the displacements do not vary in the direction of the rotation axis, and the rotation axis remains fixed
in space with time. (A.iii) The displacements and deformations in the brain with respect to the skull are taken to be small. (A.iv)
The displacements of the brain w.r.t. the skull are taken to be axisymmetric. The meaning of the assumptions A.iii and A.iv will be
made precise in Section 3.2. (A.v) With regard to geometry, we model the brain’s cross-sections perpendicular to the rotation axis
as disks. (A.vi) We model the interaction between the brain and the skull by positing that the brain’s outer surface is rigidly bonded
to the skull’s interior surface.® (A.vii) The brain and the skull are assumed to be initially at rest or moving with a constant velocity.
(A.viii) Initially the brain is assumed to not have any displacements with respect to the skull, and (A.ix) to be stress free.

3.2. Governing equations
3.2.1. Displacement-deformation relationship

It follows from our assumptions (A.ii) (2D deformations) and (A.iv) (axi-symmetric deformations) in Section 3.1 that there exist
maps U8, i € .3, from [0,ry| x [0, o) to R such that

U, [Z X,E,

i€y

=UP [F[X],7]1€, [X]+ UZ [F[X], 718, [X] + U [F[X]. 7] €5 [X]. (3.1

We denote the non-dimensional form of the deformation gradient of the map that transforms kg [%] to x* [%B] as F*[X, 7], or
F*[X] for short. And the non-dimensional form of the deformation gradient of the map that transforms g [%] to k, [%] as F[X, 7],
or F_[X] for short. It can be shown that

F*[X, 7] = T+ HZ[X], (3.2a)
FIX, 7] = QIzIF*[X, 7. (3.2b)

In (3.2a), H* [X] := Grady [U,]; here Grady [U,] is the gradient of U, at the material particle X. More explicitly,

HA X1, = 228 [x] (3.3)
T i T an . .

In Section 3.1, we stated that we assume the displacements and deformations of the brain with respect to the skull are small, by
which we mean that we assume U, [X] and H* [X] to be small.
It follows from our assumption A.ii (2D analysis, see Section 3.1) and (2.11) that

Uy [X]1=U$[FIX], 7] =0. (3.4)

3 Although in vivo experiments show that the brain is not rigidly connected to the skull, e.g., in Feng et al. (2010), this is a common assumption made in
ICM head models to simplify the problem.
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Our assumptions that 9 is incompressible (assumption A.i.c in Section 3.1), and H* [X] is small; Eq. (3.4); and our assumption
of axisymmetric deformation (assumption A.iv in Section 3.1), i.e., that U, [X] has the form given in (3.1) lead us to the result that
Ulqg =0 (see Appendix for details). It then follows from (3.1) and (3.4) that

U, [Z X[E;] = UL [FIX],7]%, [XI], (3.5)

i€y

or equivalently that
U, [X] = UE [F[X]. 71cy [X]. (3.6)
The vector c, [X] appearing in (3.6) is defined through the equations

¢ [X] = (%l. (X] - Ej> : 3.7)

JjeS

ieyg.

3.2.2. Equation of motion
Let P*[X,z] and P[X, 7] be the non-dimensional form of 1% Piola—Kirchhoff stress tensors in the body when it, respectively,
assumes the configurations x* and k. It follows from the principle of material frame indifference (e.g., see Gurtin, 1982, §21) that

P[X, 7] = Q[zIP*[X, 7]. (3.8)
From Hamilton’s principle (Lew, 2003) and (3.8) we get %’s equation of motion to be
Q" [7] (Divy [QIzIP*[7]] — ppA, [X]) - ¢y [X] =0, (3.9)

where Div is the divergence operator, and p, € R, is defined such that p, kg/m® is the density of % in the reference configuration.*

Let Py : Ml3,3(R) — Jls,4(R) be the material’s constitutive equation, that is P*[X, ] = Py [F* [X, r]]. We assume that the reference
configuration ky [%] is stress free (assumption A.ix in Section 3.1). It then follows that as H € /ll5,3 (R) — o, the zero element in
'/%3><3 (R)’

Py [I+H]=CxH+o(H), (3.10)

where Cy € Jl3,3,3,3(R) is a non-dimensional form of the elasticity tensor. In (3.10) “0” is the Landau “little-o” symbol that implies
that (3.10) is equivalent to

Py [T+ H] — CxH
i WP L4 HI = CHIl

(3.11)
H-o IIHI]

Thus, the linear map Cy is the Fréchet derivative of Py at I. In this paper we model the brain as a homogeneous solid. This implies
that the elasticity tensor does not depend on X. Therefore, from here on we denote Cy simply as C.

Assuming H* to be uniformly small, i.e, in the limit of the deformations of the brain with respect to the skull vanishing uniformly
over the brain, we get from (3.9) and (3.11) that

Q' [7] (Divy [QIFICH}| = poA, [X1) - ¢, [X] = 0. (3.12)
As we stated in Section 3.1, we take 9% to be isotropic. For isotropic materials it can be shown that

C=(Cijrijkicss (3.132)
Cijkr = A8 84 + 1 (8,8, + 648 » (3.13b)

where 4, u are defined such that A N/m? and y N/m? are %’s Lamé parameters.

Writing C in (3.12) in terms of 1 and y using (3.13); H* in (3.12) in terms of U;g using (3.3) and (3.6); A, [X] in (3.12) in terms
of Q[z] and Uy [7] using (2.19); replacing Uy [7] in the resulting equation with U, [X] and then writing U, [X] in terms of Uf [FIX], 7]
and c, [X] using (3.6); writing Q[z] in the resulting equation in terms of 2[z] using (2.9); and finally writing c, [X] in terms of X,
X, in the resulting equation using (3.7) and simplifying we get that

0MOUE [r,z]  Uf[r,7]
- 2

u <a<2~°)Uf [r, 7] + > = por" [t] + pgd "2 UE [r. 7] — pp @ [eP U [r,7]. (3.14)

r

4 We do not provide the details of the derivation of (3.9) from Hamilton’s principle. The primary novelty in our derivation is that in it the space of
admissible displacements and admissible variations are different from those in standard application of Hamilton’s principle in finite elasticity as a consequence
of our displacements having to satisfy the constraint (3.6).
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3.2.3. Boundary and initial conditions
From (2.12), (2.15b), and (3.6) it follows that the displacements

2

u, [X1= Y uf [FIX], 7l [X], (3.15)
i=1
where
ulr.7] i=r(coso Q[r] = 1) —sino Q[r]UL [r. 7], (3.16a)
u;g [r,7] :=rsino Q[r] +coso 2][7] U;g [r,7]. (3.16b)

It follows from our assumptions A.viii (no initial displacements of the brain w.r.t. the skull) that
Uf[r,r=0]=0. (3.17a)

It follows from our assumption that A.vii (the brain and skull are initially at rest) and (3.15) that at z = 0, 3“Du?® [r,z], where
i = 1,2, vanish. It therefore follows from (3.16) and (2.10) that

dODUE [r,r=0]=0. (3.17b)
It follows from our assumptions A.i.e (skull is a rigid solid) and A.vi (brain is rigidly connected to the skull), and (3.6) that

U®

2 r=ro1] =0 (3.18)

where recall that r, is the non-dimensional radius of the brain, which we have modeled as a finite cylinder (see Fig. 1).
4. Semi-analytical solution
4.1. Scaling of the equation

We scale the Egs. (3.14), (3.17), and (3.18) by using one spatial constant and three time constants. The spatial constant is r,
where recall that r, meters is the radius of our cylindrical head model. There are three intrinsic time scales in the problem. Two
of them are related to the loading, Q[-]. These are 7|, 7, € R,, where 7; is the non-dimensional time at which £’ [] attains its
maximum absolute value, and r, is the inverse of £’ [-]’s maximum absolute value. How the time constants r; and r, relate to 2[-] is
illustrated in Fig. 2(e) and (f) for two model £ [-] functions. The last time scale 7, seconds is related to the elasticity and dimensions
of our head model. It is defined as

7 = — (4.1)

where, recall that, u N /m2 is the brain’s shear modulus in our model (cf. (3.13b)), and p, kg /m3 is the brain’s density (cf. (3.9)).
The time 7, seconds is the time taken by a shear wave to travel from the brain’s outer surface to its center in our model.
We define the scaled solution Uf [1:00,1]xRyy » Ras

UL [7, 2] = UE [fro. 27| /1. (4.2)
Similarly the scaled loading &[] : Ry — R is defined as
@[] = 1,2 [¢7)]. (4.3)

The &[] (resp. @' [-]) that corresponds to the representative model Q' [-] (resp. £ [-]) shown with a black line in Fig. 2(e) (resp.
(f)) is sketched in Fig. 2(a) (resp. (b)).
In terms of (7;6 [-,-], #, and # the equation of motion (3.14) reads

. aUOTE [p, 2] U [p2] <2 .
a(Z,O)U;@ 7, %] + z __2 — == ﬂf(f), [7] +a(0'2)U;g [7,7]—
P 72 2\ n
1 , (4.4a)
<T_1> @ [#10F [7, 7] );
T

the boundary condition (3.18) reads

Uf[F=1,%]1=0; (4.4b)
and the initial conditions (3.17a), (3.17b), respectively, read

Of e =01=0,  0"VUf (R =01=0. (4.4c, 4.4d)
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Fig. 2. The subfigures (a) and (c) show two examples for the scaled loading function &[-]. The scaled loading function is defined in (4.3), in terms of
the derivative of the loading function €[-]. The function 2[-] is defined and discussed in Section 2.3. The subfigure (a) shows the graph of the function
[0,00) 2 x » H[x—1](1 —x) + xH [x] € R, where H [-] is the unit step function, while subfigure (c) shows the graph of the function (5.8). The subfigure (b)
(resp. (d)) shows the graph of the derivative of the function plotted in subfigure (a) (resp. (c)). The subfigure (e) shows sketches of the graphs of the Q' [-] that
correspond to the scaled loading functions @[-] plotted in subfigures (a) and (c). The curve in black corresponds to the function plotted in subfigure (a), while
the curve in yellow/gold corresponds to the function plotted in subfigure (c). The black curve (resp. yellow/golden curve) in subfigure (f) is a sketch of the
graph of the derivative of the function plotted in subfigure (e) in black (resp. yellow/gold).
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4.2. Solution using eigenfunction expansions and Sturm-Liouville theory

In this section we solve for U ;@ [-,-] using the method of eigenfunction expansion. We postulate that UZ% [-,-] can be expressed
as,

Y faltlg, [, (4.5)
n=1
where £, [-] € C2(Rs, R),
J J 1 n?
g, [7] := \/5M (4.6)
Jo [J 1,n]
In Eq. (4.6), Jy[-] and J; [-] are Bessel functions of the first kind of zeroth and first order, respectively. The symbol j, ,, n € N,
denotes the nth zero of J;. That is, j;, is defined by the conditions that J, [, ] = 0 and j, , # j, for m < n. The first few j, , are
illustrated in Fig. 3(a), and the first few g, [-] are illustrated in Fig. 3(b).
It can be verified from g, [-]’s definition (4.6) that g, [1] = 0, it therefore follows that the form (4.5) postulated for 02% [-,-]

satisfies the boundary condition (4.4b). In order for the form (4.5) to satisfy the initial conditions (4.4c) and (4.4d) it is necessary
and sufficient that

fn10]=0, (4.7a)

f,i [0] = 0. (4.7b)

Next we derive a governing equation for f, [-], which in conjunction with the initial conditions (4.7) will determine f, [-].
Let

1
H,:{f:(O,l)—»Rl/ rf[r]zdr<oo}. (4.8)
0

Defining the inner product (-,-), : H.x H, = R,

1
(f, 8, = /0 Ef[€lglélds, (4.9
on H,, it can be shown that (H,,(-,-),) is a Hilbert Space. Noting that

(&1 8m), = Sums (4.10)

it can be shown that (g, [-]),en provide an orthonormal basis for H,.
Replacing Uf [#,%] in (4.4a) with the form given in (4.5), replacing the function (0, 1)  # — 7 that appears in the first term on
the right hand side of (4.4a) with its expansion in the g, [-] basis, i.e., writing # as Y,y p,g, [F], where

1
Pu = / &g, [E1de, (4.11)
0
in the first term on the right hand side of (4.4a), we get that
00 0o T2 3] 1_2 5] 1_2
PRAGICTAIGED Wy FAGLA LR W VAU AR G VAGIAGE (4.12)
n=1 n=1 172 n=1 T] n=1 ‘['2

where f)’ is the derivative of f/, and the operator & is defined such that

(Dg,) 171 = g [F] + g} [F] /7 — g, [F] /#*. (4.13)
Noting that
(Dg,) 171 = =J} 8 [F] (4.14)

and substituting (Ebg,,) [f] in Eq. (4.12) with the right side of (4.14); taking inner product (as defined in (4.9)) of the resulting
equation with g, [-], m € N; and simplifying the resulting equation using (4.10) we get a governing equation of f,, [-] to be

T2 1'2 T
frE+ T—; - T—;dﬂ (7] ) £ [F] = —épmas’ [7]. (4.15)
s 2

The first few f,,[-] for the @[] given in (5.8) are illustrated in Fig. 3(c). We computed those f,, [-] by numerically integrating
(4.15) with the initial conditions (4.7). In these numerical calculations 7; = 0.0055, 7, = 0.02, and 7, = 0.0114. The p,’s, of course
are independent of the loading. We computed the p, by evaluating the integral in (4.11). The first few p, are p, = —0.37, p, = —0.20,

p3 = —0.14, and p, = —0.11.

11
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Fig. 3. (a) Graph of the Bessel function of the first kind of the first order, J; [-]. The first few zeros of J, [], i.e., j ,, n = 1,2,3,4, are marked and labeled in the
plot. (b) Graphs of the first few g, [-], n = 1,2,3,4. The functions g, [-] are defined in (4.6). (c) Illustration of the first few f,, [-], m = 1,2,3,4, that correspond to
the material and geometry parameters (5.7); the loading function & [-] given in (5.8); and (7;,7,) = (5.5 x 1073,20 x 10~*) (equivalently (! .Q" ) = (50,15000)).
These f, [-] were obtained through a numerical solution of (4.15) with the initial conditions (4.7).
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4.3. Displacements, strains, and strain rates

In this section we outline procedures for computing displacements (Section 4.3.1), strains (Section 4.3.2), and strain rates
(Section 4.3.3) in our head model. We show the displacements, strains, and strain rates that we computed using these procedures
for the representative geometry and material properties given in (5.7), and the loading function &[-] given in (5.8), in Figs. 4, 5,
and 6, respectively. For the geometry and material properties given in (5.7) the time scale 7, = 11.4 x 1073. We carried out the
calculations for the loading related time scales (z,7,) = (5.5 X 103,20 x 107®) (equivalently (@1 20 ) = (50,15000)). In each of
the Figs. 4, 5, and 6, we show the calculations for the time instances 7 = 5x 1073, 10 x 1073, and 15 x 1073,

4.3.1. Displacements
We outline a procedure for computing displacements in our head model in procedure 1.

Procedure 1 Computing displacements in the head model.

1. Given an individual’s head’s biometric and other details, e.g., from MRI scans, select values for the characteristic length scale
ro, and the characteristic time scale 7.

2. Given a Q[-], select the loading times scales 7, 7, based on the characteristics of Q[-].

3. Construct non-dimensional scaled loading functions @[] and @' [-] using the given € [-], the 7; and r, from the previous step,
and (4.3).

4. Using (4.6) and (4.11) compute p,, n € N.

5. Using the 7, 7|, 75, @, @', and p, from the previous steps calculate f,,, m € N, by numerically integrating (4.15) with the
initial conditions given in (4.7).

6. Using the calculated f,, and the g, given by (4.6), construct Uf [-,-] using (4.5).

7. Using the UF [-,-] from the previous step and (4.2) construct U [-,].

8. Compute the (non-dimensional version of the) intermediate displacement field, U,, using U;6 [-,-] from the previous step and
(3.6).

9. Compute x, using the U, from the previous step and (2.12), and the displacement of the material particle X at the time
instance 7, as x, [X] — X.

4.3.2. Strains
For a given loading, head geometry, and material properties, the field U;‘g [-,-] can be computed by following the first seven steps
of procedure 1. Using that U;g [-,-] the intermediate displacement gradients in our head model can be computed as

H* [X] =
X1 Xy U‘ZK[F[X]J] a(l,O)U‘g F[X -1 XIZU‘ZK[F[X]J] XZa(l,O)U% FIX 0
P2[X] X1 > [FIX].7] 72[X] FIX] +45 5 [F[X],7] “@.16)
L X3uFxia) 2510 (/% (5 XX [ USFXIT | 0 s :
72X < FIX] + X700, [FIX]. 7] 2\~ 90Uy FIX L7 0

0 0 0

Various different strain measures can be computed in our head model using the displacement gradients from (4.16). For example,
using (4.16) it can be shown that the Green-Lagrange strains,

E[X.7] := (Hj [X]+H*T[X]+H* T [X]H? [X]) /2.

in our head model in terms of Uf’ [-,-] read

E[X, 7] = RT[X]E¥ [F[X],z]R[XI, (4.17a)
where
(1OUE [r, T])2 oIOUE [r, 7] - LI
E [r, 7] := % 6“’0)U;‘ [r.o] - m <m>2 o | @175)
0 0 0

We give details for computing the spatial logarithmic strain tensor in our head model using the H* given in (4.16) in Section 5.1.1.

13
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Fig. 4. Configurations of the brain from the motion corresponding to the material and geometry parameters (5.7); the loading function @[-] given in (5.8); and
(71.75) = (55%x107%,20x 107%) (equivalently (! € )= (50,15000)). The four configurations shown are for the time instances r =0, 5x 10~3, 10x 107, and

‘max’ ~“max

15x 1073, These configurations were computed by applying the procedure 1.

4.3.3. Strain rates

Various strain rate measures can be computed using the rate of deformation tensor (or rate of strain tensor). The rate of
deformation tensor is the symmetric part of the spatial velocity gradient tensor. Let D[X, z] be the non-dimensional form of the
rate of deformation tensor of a material particle X at time instance t w.r.t. (e,- Rs*Re j)i,je - After computing the field U;@ [--1

by following the first seven steps of procedure 1 we can compute D [X, z] in our head model as
DX, 7] = Q[7IRT XD [F[X],7IR[X]Q" [7], (4.18a)

where

010U [r,710OVUE [r,7]  rd"DUE [r, 7] - 0*DUE [r, 7]

r+ U [r,7]1000U% [r,7] 2(r+UE [r,z]1000UE [, 7))
D% [r,z] :=| roDUE [r,7] - 9ODUE [r,7] U [r,7104DUE [r, 7] . (4.18b)
2(r+U® [r, 210000 [r,7]) r+UZ [r,71000U% [r, 7]
0 0 0

5. Discussion
5.1. Comparison with finite element solutions

We compared “maximum 95th percentile MPLS”, which we will define in Sections 5.1.1-5.1.2, values in our head model with
those in a related, finite element analysis (FEA) based, 2D head model (Carlsen et al., 2021). The term “MPLS” stands for maximum
principal logarithmic strain. The MPLS of a material particle X at a time instance =, which we denoted as ¢, [X], is defined as the
maximum eigenvalue of InV_[X], the non-dimensional form of (spatial) logarithmic strain tensor at X. We recall the definition of
InV, [X] and more precisely define ¢, [X] in Section 5.1.1. In Section 5.1.1 we also provide the details for computing ¢, [X] in our
head model. We define the 95th percentile MPLS at the time instance z, which we denote as ¢ [z], in Section 5.1.2 using ¢, [X].
The maximum 95th percentile MPLS, which we denote as, ¢?[15ax, is also defined in Section 5.1.2 using ¢ [7].

We computed the ¢° values in our head model for the loading, geometry, and material properties that are similar to those
used in the finite element head model simulations. We give their details in Section 5.1.3. The ¢2°  values computed in our model
are compared with those in the finite element head model in Fig. 8. As can be seen in Fig. 8, the qualitative dependence of ¢,9n53X
values on the two loading parameters £/ and 2/ , which we will detail in Section 5.1.3, in our head model is very similar to
that seen in the finite element head model. As will be detailed in Section 5.1.3, the finite element head model is far more detailed
and sophisticated than our ICM based head model. For example, it includes information about the brain’s spatially heterogeneous
and anisotropic material behavior, as well as information about the brain’s viscous and non-linear elastic behavior. What we find
remarkable is that despite the far less sophistication and detail in our model, it is able to predict strains values that are as close to

the finite element ones as they are in Fig. 8.
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Fig. 5. Contour plots of the components of the Green-Lagrange strain tensor that corresponds to the motion shown Fig. 4. The first row shows the contour

plot of E? [-,-] (see (4.17b)), which is the 1-2 component of the Green-Lagrange strain tensor w.r.t. the (%,. [X] ®§j [X]) , basis. The second, third, and
ijE

fourth rows, respectively, show the contour plots of E,, [-,], Ej, [-,-], and E,, [-,-], which are the Cartesian components of the Green-Lagrange strain tensor (see
(4.17a)). The first, second, and third columns correspond to the time instances = = 5x 1073, 10 x 103, and 15 x 1073,

5.1.1. Maximum principle logarithmic strain (MPLS, ¢, [X])

When F_ [X] is invertible it follows from the polar decomposition theorem (e.g., see Gurtin, 1982, §2) that there exists a unique
symmetric positive definite tensor V, [X], called the left stretch tensor, such that V_[X]V_ [X] = B, [X], where

B, [X] := F, [X] (F, [X])" .1

is called the left Cauchy—Green deformation tensor. It follows from the definition of V_[X] and the square root theorem (e.g., see
Gurtin, 1982, §2) that

V. [XI= ) Ve, Xin, [XI®n, X, (5.2)

ey
where n; [X] € JMl3,, (R) are the eigenvectors of B, [X] such that n_; [X]-n, ; [X1=6;; (which exist owing to the spectral theorem (Gurtin,
1982, §2), since B, [X] is symmetric), and ¢,; [X] are B, [X]’s eigenvalues corresponding to n_; [X]. The (spatial) logarithmic strain
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r=5x%x10"3 r=10x 1073 r=15x%x 1073

&0 Pl "!)'

Fig. 6. Contour plots of the components of the rate of deformation tensor that corresponds to the motion shown in Fig. 4. The first row shows the contour plot
of sz [-,-], which is the 1-2 component of the non-dimensional rate of deformation tensor D¥ [-,-] (see (4.18b)). The second, third, and fourth rows, respectively,
show the contour plots of Dy, [-,-], D, [+,-], and D, [+, -], which are components of the non-dimensional rate of deformation tensor D[, -] (see (4.18a)). The first,
second, and third columns correspond to the time instances 7 = 5x 1073, 10 x 1073, and 15 x 1073,

tensor InV, [X] is defined to be the natural logarithm of V_[X]. It can be shown that

IV (X1 = Y, (In[ Vo X)) n [X] @ e X1 5.3)

ey

It follows from (5.3) and the spectral theorem that In [\/(pri [X]] are InV, [X]’s eigenvalues. Thus, the MPLS, ¢, [X], is the maximum
of the In [\/(p,,- [X]], ied.

Writing H* [X] in our head model in terms of U;g [, -] using (4.16); using that H* [X] and computing F, [X] using (3.2); computing
the B, [X] corresponding to that F_ [X] using (5.1); computing that B, [X]’s eigenvalues and then computing the logarithm of the
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Q" (krad/s?) 0

max

Fig. 7. The maximum 95th percentile MPLS, ¢‘9‘5m, predicted by the finite rotations head model. The d)?jax values shown are from a family of motions; all of
which correspond to the material and geometry parameters (5.7), and the loading function & |-] given in (5.8). The family of motions were generate by varying
(71.7,) (resp. (€,.2". ) from (33.14x 103,100 x 1073) (resp. (10,0.5% 10%)) to (6.63 x 1073,10x 10~%) (resp. (100,25 x 10°)). The quantity ¢* is discussed

in Section 5.1.2.

95
Finite element head model max
. 0.60
95 0.54
max
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0.6 :
_________ 5 0.42
oal O R 036
{030
0.2 024
» ; 0.18

/
: 100
% / 60
max 40 '

0 20 max (rad/s) 0.00

Fig. 8. The maximum 95th percentile MPLS, ¢;> , predicted by the 2D finite element head model presented in Carlsen et al. (2021) for a family of loadings.
Those loadings are same as the loadings used to generate the family of motions whose ¢% values are shown in Fig. 7. Some details of how the 2D finite element
head model was created are as follows. The model was generated by processing magnetic resonance images (MRI) and diffusion tensor images (DTI) of an adult
subject. It included all major anatomical structures, such as the skull, white matter, gray matter, cerebral spinal fluid, ventricles, bridging veins, falx cerebri,
and tentorium cerebelli. Different 2D finite element head models were created by taking cross-sections of the head geometry along the sagittal, coronal, and
axial planes. Plane strain conditions were assumed in each of those 2D finite element models. The ¢°> values in this figure and Fig. 9 are from the 2D coronal
finite element head model. The brain tissue in the 2D coronal finite element head model was modeled as an anisotropic hyper-viscoelastic material using the
Holzapfel-Gasser-Ogden strain energy function as described in detail in Wright et al. (2013). The cerebral spinal fluid in it was modeled using a Mie-Gruneisen
equation of state. The material interfaces in the model were tied so that no tangential sliding or normal separation could occur.
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Fig. 9. Comparison of the maximum 95th percentile MPLS, ¢;"fax, values from the finite rotations head model and the finite element head model. The (bafax
values for the finite rotations head model are the ones from Fig. 7. The ¢ values for the finite element head model are the ones from Fig. 8. The insets in

the figure show different views of the 3D plot shown in this figure.

square root of the maximum of those eigenvalues we get that in our head model

$e1 X1 = ¢F [FIXI /ro.7/7y] (5.4)
where
¢%[AA]_11 142 5 15 412 4 12 (9000 5. 27)2
p it =51n +ﬁ (OF [7.21)" + 7 ( ) [7.2])
+ |l7§6 [, £] - 70100 ¢ [ﬁ,f]) \/4f2+(A2°@ (7, 2] + PO0OUE [7, #)* >] . (5.5)

5.1.2. Ninety fifth percentile maximum principal logarithmic strain, ¢ [-], and its maximum value ¢7°
The 95th percentile MPLS at the time instance 7 is defined to be the MPLS value such that at time instance r the MPLS values
over 95% of the brain are smaller than it. We give a more precise definition below, which has encoded in it the details to compute
it.
Let € 1= { X € B| X0k [X] = 0} (for an illustration see Fig. 1), and let ¢, ;¢ and ¢, g, be the infimum and supremum of ¢, [-]
over C[¥], respectively, where

Cclg]= {x € My (R) | Y X,E; € kg [@]} .
ey
The ¢-sublevel set of ¢, [-] at the time instance  is defined as
S,[pl ={XeCE]]| ¢, [XI<d}.
We define the map m,,

m

. meas [S, [¢]]

- ———F—  €[0,1],
meas [S, (¢, g |

[¢r,inf5 ¢r,sup] EJ ¢
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where meas|[-] gives the Lebesgue measure of a set. When m_ has an inverse we define the 95th percentile MPLS at the time instance
7, $*[r], to be m_! [0.95].

The maximum 95th percentile MPLS, qﬁfax, is the supremum of the values attained by ¢ [-] over all time. In our head model
for arbitrary loadings it is not possible to determine the supremum of ¢ [-]. This is because, since our head model does not include
viscous effects and is non-linear, the dynamics in it may not reach a periodic state. Therefore we take ¢2> in our head model to
be the supremum of the values attained by ¢° [-] only over a finite time interval. Specifically, we take ¢°> to be the supremum of

max
the values taken by ¢ [-] over the time interval [0, 7, + 10z).

5.1.3. Comparison with finite element solutions

As we mentioned in Section 5.1, we compared the “maximum 95th percentile MPLS” ¢ values from the finite rotations head
model with those from a related, finite element based, 2D head model (Carlsen et al., 2021). To make our head model approximate
the finite element head model as closely as possible in our head model we take the non-dimensional head radius r,, density p,, and
shear modulus x° to be

ro = 0.06525, (5.7a)
po = 1040, (5.7b)
1 = 34000. (5.70)

(It follows from (4.1) that the value of the parameter z, for these geometry and material parameters is 0.0114.)

We agree that the assumed shear modulus of 34000 Pa is approximately an order of magnitude higher than most measurements
of the behavior of actual brain tissue. The shear modulus of 34000 Pa is chosen by approximating the finite element (FE) based,
2D head model (Carlsen et al., 2021) as closely as possible. In FE head model (Carlsen et al., 2021), the main constituents of the
brain, white and gray matter are modeled using viscoelastic Holzapfel-Gasser-Ogden material model. Both white and gray matter
adopt the instantaneous shear modulus y, of 34000 Pa and the long-term shear modulus at equilibrium u, of 6400 Pa. When not
considering the effect of viscosity, the shear modulus of 34000 Pa is chosen for our finite rotations head model.

We take @[] to be

i [t 5.8)
0
where
o1
N a . 1-2-1)2 <t<
¥ 8] = 1.657 e , 0<t<1, (5.9)
0, > 1.

The function &' [-] corresponding to the &[] given in (5.8) is the function v [-] given in (5.9). The graph of the functions (5.8) and
(5.9) are sketched in Figs. 2(c) and (d), respectively. The loading in our and the finite element head model depends not only on
@[] (and hence @' [-]) but also on 7; and z,.

It can be shown that for the choice of (5.8) for @[] the parameters (7}, 7,) depend on (/. 2" ), which we will define shortly,

max’

as
o =1 10
max_;’ (5' a)
and
1.657
Q' = . 5.10b
(5.100)

The parameters 2/ and Q' are, respectively, the maximum values of 2’ [-] and " [-].
We considered a range of values for (2! ,Q" ). For each of that (! Q7 ) values we computed the corresponding (7|, 7,)
value using (5.10). For that (r;, 7,) value and the chosen ry, 7, ®[-], & [-] we computed Uf [-, -] by following the first six steps given

5 Thus, for comparing with the results of the finite element model we took the shear modulus in our model to be 34 kilopascals. This value is much larger
than the quasi-statically measured shear modulus values of white and gray matter, which are generally in the range of hundreds of pascals to kilopascals (Budday
et al., 2017). Our reasoning for choosing this larger value is as follows.

In the finite element model the white and gray matter were modeled as visco-elastic solids. Their shear relaxation function was taken to be yyg[-] N /m?,
where

glrl= K2 Fo "o pope, (5.6)
Ho Ho
with g, = 34000, u,, = 6400, and § = 700. The material constant y, N/m? is called the instantaneous shear modulus, u,, N/m’ is called the long term shear
modulus, and g Hertz is called the decay constant. As per (5.6) the brain’s shear modulus at small time scales (compared to the relaxation time scale 1/p
seconds) is given by u,, while at the large time scales it is given by u,.

We assume that the largest strains and stain rates occur at the earliest time instances of the loading, rather than at the later time instances. Therefore, we
wanted the shear modulus in our model to match the shear modulus in the finite element model at the earliest time instances. Hence, we took the shear modulus
in our model, y, to match the instantaneous shear modulus of the finite element model, .
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in procedure 1. Using that Uz% [-,-] and (5.4) we then computed the maximum 95th percentile MPLS, ¢2‘5ax. We plot the computed
¢3]5M as a function of (2 Q! )in Fig. 7. We plot the ¢?rfax from the finite element calculations as a function of (/ ,Q" ) in
Fig. 8. In Fig. 9 we show both the ¢  from our finite rotations head model as well as that from the finite element head model.
The insets in Fig. 9 show different views of the 3D plot shown in Fig. 9.

As can be seen from Fig. 9, the q&?nSax values from our head model are comparable to those from the finite element head model. For
example, for (.Q;nax, Q;[m) = (100,25000) our model predicts a value of 0.44 for ¢19n53x, whereas the finite element head model predicts
a value of 0.6. The maximum difference in the predicted values for ¢?> from our finite rotations head model and the finite element
head model is 0.36 (finite rotations head model 0.17; finite element head model 0.53). This occurs when (Q’ Q! ) = (100, 8000).

max’ max
The dependence of ¢> on (! .@Q" ) in our model is qualitatively similar to the dependence of ¢2> Q' ) in the

/
max max”’ = “max X on ('Qmax’ ‘max

finite element head model. As we stated in Section 5.1 we find it remarkable that qb?nSaX values from our head model and the finite
element head model are as close as they are in Fig. 9 considering that the finite element head model is far more sophisticated than
our head model. We give some of the details of the finite element head model in the caption of Fig. 8.

5.2. Comparison with previous idealized continuum mechanics based head models

As we mentioned in the introduction Section 1, all the previous idealized continuum mechanics based head models that we
surveyed take the head’s rotations to be small. For that reason, we refer to them also as the small rotations head models.

5.2.1. Comparison of the governing equations
Recall that we introduced the tangential component of displacement uf [,-] in (3.15). Introducing the scaled tangential
displacement component ﬁf [-]1:[0,1]xRy5 = R as

a7, 2] = uf [y, 27| /7o (5.11)

we can write the initial boundary value problem (IBVP) (4.4) in terms of ﬁ;g [-,-] as follows.
The governing partial differential equation (PDE) (4.4a) in terms of ﬁ;‘g [-,-] reads

10)7€ (3 21 1G5 2 2502) 7€ 13 ~
S20GE 721+ oDay [7, 7] i [7, %] :rsa ay [7, 7]
2 P 72 le

rsz tano Q[#]seco Q[£]

( —3F + Fcoso 22 4]

21’22
+4sino Q[2]af [, 7] > o[£ (5.12a)
72 R . 5
+ ——tano Q[#] (-Fsino Q[#] + 4% [7,7]) &' [7]
I
272 . <
+ —tano Q[#]0%Vaf [F, 2] b [£],
)
where O[] : Ry — R, is defined as
Q2= Q[tr]. (5.12b)
The boundary condition (4.4b) reads
af[F=1,%]=sino Q[#], (5.120)
and the initial conditions (4.4c¢) and (4.4d) read
af[rt=01=0, dOVaf[rz=0]=0. (5.12d, 5.12€)

When the skull’s rotations are small, the governing PDE of the IBVP (5.12a) reduces to

o008 (7,21 al(r2] 2200228 [7, ]
6(2,0)'2;@ 7 2] + % _ 2 =3 2 s (5.13a)
P 72 1'12

and the boundary condition (5.12c) to

af[p=1,2]= Q[z]. (5.13b)

The initial conditions (5.12d), (5.12e) remain the same. In arriving at (5.13) we ignored terms of o (Q)

Most of the 2D ICM based head models presented to date include viscous effects. To our knowledge all the 2D ICM based head
models reported to date reduce to the IBVP (5.13) on ignoring any viscous effects in them. Some of such 2D head models are the
ones reported by Ljung (1975), Margulies and Thibault (1989), Massouros et al. (2014), and Massouros (2005).

Bayly et al. (2008) studied the dynamics of a viscoelastic cylinder where the loading is prescribed through the motion of the
cylinder’s boundary. On ignoring the viscous effects the problem studied in Bayly et al. (2008) too reduces to the problem (5.13).
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Fig. 10. The maximum 95th percentile MPLS, ¢;> , predicted by the small rotations head model (see Section 5.2.1 for details). The ¢> values shown are from
a family of motions, all which correspond to the same material and geometry properties, and loading function; but a range of (r;,7,) (resp. (£2!, oo 200 ) values.
The material and geometry properties, the loading function, and the range of (r,,7,) values are the same as those used for generating the motions in Fig. 7.
The ¢ values were computed by generating a family of motions by solving the equations given in Section 5.2.1 and using (5.14).

5.2.2. Comparison of a quantitative prediction

In order to check how quantitatively different our finite rotations head model is to the small rotations head models we again
compared predictions for ¢2> . For this comparison we again took the material and geometry parameters to be those given by (5.7),
and the loading function @[] to be the one given in (5.8); and considered the same range of (z;,7,) (equivalently (2! Q" ))
values that we used for comparing our head model with the finite element head model in Section 5.1.3.

The procedure for computing q.’;?fax in the small rotations head models is almost the same as the procedure given in Sections 5.1.1
and 5.1.2 for computing qb?fax in our finite rotations head model. The primary difference is that in the small rotations head models
the MPLS is

1 uf [FX], 7] = F[X] 0100 [FX], 7]

zln 1+ f[x] ) (5.14)

where uf [-,-] is the solution of (5.13a) subjected to the boundary condition (5.13b), and the initial conditions (5.12d)—(5.12¢). We
solve the initial boundary value problem for uf [-,-] in the small rotations head models numerically.

We plot ¢?3 from the small rotations head models as a function of (2, %" ) in Fig. 10. In Fig. 11 we show both the ¢
from the small rotations head models as well as that from our finite rotations head model. The insets in Fig. 11 show different views
of the 3D plot shown in Fig. 11.

As can be seen in Fig. 11 except for when Q! —and Q! are small the predictions from the small rotations head models are
quite different from those from the finite rotations head model. For example, for (.Q;nax,Q;an) = (100,25 000) the small rotations

head model predicts a value of 0.33 for ¢I9Xfax, whereas our model predicts a value of 0.44.

6. Concluding remarks

1. In deriving the finite rotations head model, we have assumed the brain to be homogeneous and isotropic; to undergo
small strains; have no viscous effects; and even more dramatically, to undergo 2D deformation. Considering these type of
simplifications, we find it remarkable that the ICM head models are capable of providing the kind of first order estimates for
the peak strains as those shown in Figs. 7, 8, 9, 10, and 11.

2. We plan on incorporating viscous effects and considering the 3D nature of the brain’s deformation shortly in the future.
However, despite those augmentations, it is likely that the estimates provided by computational mechanics (CM) based head
models will be more accurate than those provided by our, or any other idealized continuum mechanics (ICM) based, head
model. As we mentioned in the introduction, the primary advantage of ICM based head models compared to CM based models
is that they are much easier and faster to apply for assessing the injury risk of a mechanically traumatic event.

3. Given the head geometry, brain material property details, and a quantitative representation of the loading, procedure 1 can
be used for determining the displacements in the finite rotations head model. Strains and strain rates can then be computed
from the displacements by using (4.17) and (4.18), respectively. Though this procedure is far simpler than that involved in
using a CM based model, health care and medical professionals interested in mTBI may still find it difficult to apply our
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the figure show different views of the 3D plot shown in this figure.

procedure. In order to make the finite rotations head model easy to apply, especially by non-engineers, we have built a web
application that automatically solves the finite rotations head model and provides the displacements, strains, and strain rates
for a given loading input. This web app can be accessed at http://18.233.10.106:8501/.
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Appendix. Derivation of UlQg =0

Following the assumption that % is incompressible (assumption A.i.c in Section 3.1), we have that
Det [F, [X]] = I, (A1)

where Det is determinant operator. Using (3.2b) and substituting F, [X] as Q [z] F} [X] in (A.1); in the resulting equation, using (3.2a)
and substituting F* [X] as I + H* [X]; and then noting that Det[Q[z]] = 1, since Q[z] € SO(3), we get that

Det [I+H* [X]] = 1. (A.2)

From our assumption that the displacements and deformations of the brain w.r.t. the skull are uniformly small (assumption A.iii in
Section 3.1) and the identity that for any H € Jl;,; (R) as ¢ — 0

Det[I+eH]=1+€Tr[H]+o0(e), (A.3)
we get that up to terms of o (H* [X]),

Tr[HX [X]] =0. (A4
Writing H* in (A.4) in terms of (Ufg) g using (3.3), (2.14), and (3.1) we get that

r0 U [r, 2]+ U [r,7] =0, (A.5)
for r € (0, ry). It follows from our assumptions A.i.e (skull is a rigid solid), and A.vi (brain is rigidly connected to the skull) that

UE |r=ryt]=0. (A.6)
By solving (A.5) with the boundary condition (A.6) it can be shown that

Ufir.z] =0, (A7)

for all admissible r and z.

References

Bain, A.C., Meaney, D.F., 2000. Tissue-level thresholds for axonal damage in an experimental model of central nervous system white matter injury. J. Biomech.
Eng. 122 (6), 615-622.

Bar-Kochba, E., Scimone, M.T., Estrada, J.B., Franck, C., 2016. Strain and rate-dependent neuronal injury in a 3D in vitro compression model of traumatic brain
injury. Sci. Rep. 6, 30550.

Bayly, P., Massouros, P., Christoforou, E., Sabet, A., Genin, G., 2008. Magnetic resonance measurement of transient shear wave propagation in a viscoelastic gel
cylinder. J. Mech. Phys. Solids 56 (5), 2036-2049.

Budday, S., Sommer, G., Birkl, C., Langkammer, C., Haybaeck, J., Kohnert, J., Bauer, M., Paulsen, F., Steinmann, P., Kuhl, E., Holzapfel, G., 2017. Mechanical
characterization of human brain tissue. Acta Biomater. 48, 319-340.

Bycroft, G., 1973. Mathematical model of a head subjected to an angular acceleration. J. Biomech. 6 (5), 487-495.

Carlsen, R.W., Fawzi, A.L., Wan, Y., Kesari, H., Franck, C., 2021. A quantitative relationship between rotational head kinematics and brain tissue strain from a
2-D parametric finite element analysis. Brain Multiphys. 2, 100024.

Chandran, K.B., Liu, Y.K., von Rosenberg, D.U., 1975. The exact solution of the translational acceleration of a low modulus elastic medium in rigid spherical
shells—Implications for head injury models. J. Appl. Mech. 42 (4), 759-762.

Christensen, R.M., Gottenberg, W.G., 1964. The dynamic response of a solid, viscoelastic sphere to translational and rotational excitation. J. Appl. Mech. 31 (2),
273-278.

Cotter, C.S., Smolarkiewicz, P.K., Szczyrba, I.N., 2002. A viscoelastic fluid model for brain injuries. Internat. J. Numer. Methods Fluids 40 (1-2), 303-311.

Dixit, P., Liu, G., 2017. A review on recent development of finite element models for head injury simulations. Arch. Comput. Methods Eng. 24 (4), 979-1031.

Estrada, J.B., Cramer III, H.C., Scimone, M.T., Buyukozturk, S., Franck, C., 2021. Neural cell injury pathology due to high-rate mechanical loading. Brain
Multiphys. 2, 100034.

Feng, Y., Abney, T.M., Okamoto, R.J., Pless, R.B., Genin, G.M., Bayly, P.V., 2010. Relative brain displacement and deformation during constrained mild frontal
head impact. J. R. Soc. Interface 7 (53), 1677-1688.

Firoozbakhsh, K., DeSilva, C., 1975. A model of brain shear under impulsive torsional loads. J. Biomech. 8 (1), 65-73.

Garimella, H.T., Menghani, R.R., Gerber, J.I, Sridhar, S., Kraft, R.H., 2019. Embedded finite elements for modeling axonal injury. Ann. Biomed. Eng. 47 (9),
1889-1907.

Giordano, C., Zappala, S., Kleiven, S., 2017. Anisotropic finite element models for brain injury prediction: the sensitivity of axonal strain to white matter tract
inter-subject variability. Biomech. Model. Mechanobiol. 16 (4), 1269-1293.

Giudice, J.S., Alshareef, A., Wu, T., Gancayco, C.A., Reynier, K.A., Tustison, N.J., Druzgal, T.J., Panzer, M.B., 2020. An image registration-based morphing
technique for generating subject-specific brain finite element models. Ann. Biomed. Eng. 48 (10), 2412-2424.

Giudice, J.S., Zeng, W., Wu, T., Alshareef, A., Shedd, D.F., Panzer, M.B., 2019. An analytical review of the numerical methods used for finite element modeling
of traumatic brain injury. Ann. Biomed. Eng. 47 (9), 1855-1872.

Greenwald, R.M., Gwin, J.T., Chu, J.J., Crisco, J.J., 2008. Head impact severity measures for evaluating mild traumatic brain injury risk exposure. Neurosurgery
62 (4), 789-798.

Gurtin, M.E., 1982. An Introduction to Continuum Mechanics. Academic Press.

Hajiaghamemar, M., Margulies, S.S., 2021. Multi-scale white matter tract embedded brain finite element model predicts the location of traumatic diffuse axonal
injury. J. Neurotrauma 38 (1), 144-157.

Hajiaghamemar, M., Seidi, M., Margulies, S.S., 2020. Head rotational kinematics, tissue deformations, and their relationships to the acute traumatic axonal injury.
J. Biomech. Eng. 142 (3), 031006.

23


http://refhub.elsevier.com/S0022-5096(23)00166-7/sb1
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb1
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb1
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb2
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb2
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb2
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb3
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb3
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb3
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb4
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb4
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb4
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb5
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb6
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb6
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb6
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb7
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb7
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb7
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb8
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb8
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb8
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb9
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb10
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb11
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb11
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb11
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb12
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb12
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb12
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb13
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb14
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb14
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb14
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb15
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb15
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb15
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb16
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb16
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb16
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb17
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb17
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb17
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb18
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb18
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb18
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb19
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb20
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb20
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb20
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb21
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb21
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb21

Y. Wan et al Journal of the Mechanics and Physics of Solids 179 (2023) 105362

Hernandez, F., Camarillo, D.B., 2019. Voluntary head rotational velocity and implications for brain injury risk metrics. J. Neurotrauma 36 (7), 1125-1135.

Howard, J.T., Stewart, [.J., Amuan, M., Janak, J.C., Pugh, M.J., 2022. Association of traumatic brain injury with mortality among military veterans serving after
september 11, 2001. JAMA Netw. Open 5 (2), €2148150.

Lee, Y.C., Advani, S.H., 1970. Transient response of a sphere to torsional loading—A head injury model. Math. Biosci. 6, 473-486.

Lew, A.J., 2003. Variational time integrators in computational solid mechanics (Ph.D. thesis). California Institute of Technology.

Li, X., 2021. Subject-specific head model generation by mesh morphing: A personalization framework and its applications. Front. Bioeng. Biotechnol. 9.

Li, F.,, Lu, R., Hu, W, Li, H., Hu, S., Hu, J., Wang, H., Xie, H., 2018. The influence of neck muscle activation on head and neck injuries of occupants in frontal
impacts. Appl. Bionics Biomech. 2018.

Liu, Y., Chandra, K., von Rosenberg, D., 1975. Angular acceleration of viscoelastic (kelvin) material in a rigid spherical shell—A rotational head injury model.
J. Biomech. 8 (5), 285-292.

Liu, Y., Chandran, K., 1974. Mathematical model of a head subjected to an angular acceleration. J. Biomech. 7 (3), 319-321.

Liu, Y.K., Chandran, K., et al., 1973. The exact solution to the rotational acceleration of rigid spherical shells filled with a brain-like elastic material. In:
Proceedings 10th Annual Meeting, Society of Engineering Science, Raleigh.

Ljung, C., 1975. A model for brain deformation due to rotation of the skull. J. Biomech. 8 (5), 263-274.

Maas, A.L, Menon, D.K., Manley, G.T., Abrams, M., f\kerlund, C., Andelic, N., Aries, M., Bashford, T., Bell, M.J., Bodien, Y.G., et al., 2022. Traumatic brain
injury: progress and challenges in prevention, clinical care, and research. Lancet Neurol..

Madhukar, A., Ostoja-Starzewski, M., 2019. Finite element methods in human head impact simulations: A review. Ann. Biomed. Eng. 47 (9), 1832-1854.

Margulies, S.S., Thibault, L.E., 1989. An analytical model of traumatic diffuse brain injury. J. Biomech. Eng. 111 (3), 241-249.

Massouros, P.G., 2005. Solution schemes for hyperbolic wave equations (Ph.D. thesis). Department of Mechanical and Aerospace Engineering, Washington
University, St Louis, MO.

Massouros, P.G., Bayly, P.V., Genin, G.M., 2014. Strain localization in an oscillating maxwell viscoelastic cylinder. Int. J. Solids Struct. 51 (2), 305-313.

Massouros, P.G., Genin, G.M., 2008. The steady-state response of a maxwell viscoelastic cylinder to sinusoidal oscillation of its boundary. Proc. R. Soc. A: Math.,
Phys. Eng. Sci. 464 (2089), 207-221.

Misra, J., Chakravarty, S., 1984. A study on rotational brain injury. J. Biomech. 17 (7), 459-466.

Phipps, H., Mondello, S., Wilson, A., Dittmer, T., Rohde, N.N., Schroeder, P.J., Nichols, J., McGirt, C., Hoffman, J., Tanksley, K., et al., 2020. Characteristics
and impact of US military blast-related mild traumatic brain injury: A systematic review. Front. Neurol. 11, 559318.

Rahaman, M.M., Fang, W., Fawzi, A.L., Wan, Y., Kesari, H., 2020. An accelerometer-only algorithm for determining the acceleration field of a rigid body, with
application in studying the mechanics of mild traumatic brain injury. J. Mech. Phys. Solids 143, 104014.

Takhounts, E.G., Craig, M.J., Moorhouse, K., McFadden, J., Hasija, V., 2013. Development of brain injury criteria (BrIC). Stapp Car Crash J. 57, 243.

Takhounts, E.G., Eppinger, R.H., Campbell, J.Q., Tannous, R.E., Power, E.D., Shook, L.S., 2003. On the Development of the SIMon Finite Element Head Model.
Tech. rep., SAE Technical Paper.

Upadhyay, K., Giovanis, D.G., Alshareef, A., Knutsen, A.K., Johnson, C.L., Carass, A., Bayly, P.V., Shields, M.D., Ramesh, K., 2022. Data-driven uncertainty
quantification in computational human head models. Comput. Methods Appl. Mech. Engrg. 398, 115108.

Versace, J., 1971. A review of the severity index.

Viano, D.C., Casson, LR., Pellman, E.J., 2007. Concussion in professional football: biomechanics of the struck player—Part 14. Neurosurgery 61 (2), 313-328.

Wan, Y., Fawzi, A.L., Kesari, H., 2022. Determining rigid body motion from accelerometer data through the square-root of a negative semi-definite tensor, with
applications in mild traumatic brain injury. Comput. Methods Appl. Mech. Engrg. 390, 114271.

Wright, R.M., Post, A., Hoshizaki, B., Ramesh, K.T., 2013. A multiscale computational approach to estimating axonal damage under inertial loading of the head.
J. Neurotrauma 30 (2), 102-118.

Wu, S., Zhao, W., Ji, S., 2022. Real-time dynamic simulation for highly accurate spatiotemporal brain deformation from impact. Comput. Methods Appl. Mech.
Engrg. 394, 114913.

Yan, Y., Huang, J., Li, F., Hu, L., 2018. Investigation of the effect of neck muscle active force on whiplash injury of the cervical spine. Appl. Bionics Biomech.
2018.

Zhan, X., Li, Y., Liu, Y., Domel, A.G., Alidazeh, H.V., Raymond, S.J., Ruan, J., Barbat, S., Tiernan, S., Gevaert, O., et al., 2020. Prediction of brain strain across
head impact subtypes using 18 brain injury criteria. 13, arXiv preprint arXiv:2012.10006.

Zhan, X., Liu, Y., Raymond, S.J., Alizadeh, H.V., Domel, A.G., Gevaert, O., Zeineh, M.M., Grant, G.A., Camarillo, D.B., 2021. Rapid estimation of entire brain
strain using deep learning models. IEEE Trans. Biomed. Eng. 68 (11), 3424-3434.

Zhou, Z., Li, X., Liu, Y., Fahlstedt, M., Georgiadis, M., Zhan, X., Raymond, S.J., Grant, G., Kleiven, S., Camarillo, D., et al., 2021. Toward a comprehensive
delineation of white matter tract-related deformation. J. Neurotrauma 38 (23), 3260-3278.

24


http://refhub.elsevier.com/S0022-5096(23)00166-7/sb22
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb23
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb23
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb23
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb24
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb25
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb26
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb27
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb27
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb27
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb28
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb28
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb28
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb29
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb30
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb30
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb30
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb31
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb32
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb32
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb32
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb33
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb34
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb35
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb35
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb35
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb36
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb37
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb37
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb37
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb38
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb39
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb39
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb39
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb40
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb40
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb40
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb41
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb42
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb42
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb42
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb43
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb43
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb43
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb44
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb45
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb46
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb46
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb46
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb47
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb47
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb47
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb48
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb48
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb48
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb49
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb49
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb49
http://arxiv.org/abs/2012.10006
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb51
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb51
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb51
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb52
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb52
http://refhub.elsevier.com/S0022-5096(23)00166-7/sb52

	A finite rotation, small strain 2D elastic head model, with applications in mild traumatic brain injury
	Introduction
	Mechanics and mathematical preliminaries
	Notation
	Geometry of the abstract and physical spaces in our model
	Kinematics

	Analytical model for head motion and brain deformation
	Problem statement
	Governing equations
	Displacement-deformation relationship
	Equation of motion
	Boundary and initial conditions


	Semi-analytical solution
	Scaling of the equation
	Solution using eigenfunction expansions and Sturm–Liouville theory
	Displacements, strains, and strain rates
	Displacements
	Strains
	Strain rates


	Discussion
	Comparison with finite element solutions
	Maximum principle logarithmic strain (MPLS, φτ1[ X ])
	Ninety fifth percentile maximum principal logarithmic strain, φ95[ · ], and its maximum value φ95max
	Comparison with finite element solutions

	Comparison with previous idealized continuum mechanics based head models
	Comparison of the governing equations
	Comparison of a quantitative prediction


	Concluding remarks
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	Appendix. Derivation of UC1=0
	References


